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1. According to the vortex theory of matter, atoms consist of vortex rings in an 
infinite perfect liquid, the aether. These rings may be either hollow or filled with 
rotating liquid. The cross section of the hollow or rotating core is in the simplest 
case smaD and the ring is circular. Such vortices have been investigated. It has been 
shown that they can exist, and that they are stable for certain types of deformation. 
In this paper the stability of the hollow vortex ring is investigated further, with a 
view to proving that it is stable for all small deformations of its surface. An attempt 
is also made to make the vortex theory of matter agree with the kinetic theory of 
gases as regards the relation between the velocity and the energy of an atom. On 
the latter theory the energy of an atom varies as the square of its velocity, while on 
the former theory the energy decreases as the velocity increases. As the two theories 
differ on a fundamental point 3 while the consequences of the kinetic theory agree over 
-a wide range with experiment, those of the vortex theory are likely to be in 
discrepancy therewith. However, no account has been taken of the electric change 
which an atom must hold if electrolysis is to be explained. This electrification will 
evidently alter the relation between the energy and the velocity. The nature of the 
change thus produced is here discussed for the case of a hollow vortex, the surface of 
which behaves as a conductor of electricity, a representation which is dynamically 
realised by the theory of a rotationally-elastic fluid eether developed in Mr. Larmor's 
paper, # " A Dynamical Theory of the Electric and Luminiferous Medium. " The small 
oscillations also are worked out with a view to the discussion of the stability of an 
electrified vortex. 

2. The velocity of translation of the vortex in its steady motion is constant and 
perpendicular to its plane. By impressing on the whole liquid a velocity equal and 
opposite to this, the hollow is reduced to rest. Since the cross section of the hollow 
is small, any small length of it may be regarded as cylindrical. A cylindrical vortex 
must, by reason of symmetry, have its cross section a circle, so that the cross section 

* J. Laemoe, ' Phil. Trans.,' 1894, A, p. 719. 
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of the hollow of the annular vortex is approximately circular, and the hollow itself 
approximately a tore. 

3. The motion of the fluid is referred to the toroidal coordinates u 9 v^ w, where u> v 
are given in terms of the cylindrical coordinates ^ z, by the equation 

i — 1 m it _- it a /^\ 

1 & rar + iz — a v 7 ' 

and iv is the angular cylindrical coordinate. 

The constant a and the position of the axes are so chosen that the hollow is 
approximately given by u = const. 

On solving (1) for z + ttar, and equating real and imaginary parts, 

__ sinh w _ 8 

cosh % — COS V (J — 6 



- Sill 1? S , v 

cosh u — cos v (J — c 



where 0, c, S, s are written for cosh u, cos v, sinh u, sin t> respectively. 
The square root of the Jacobian of u, v with respect to ?sr, z is f where 

22 1 (cosh w — cos 'tf) 3 

b — 



or, 






. - c 



•^ 



If k be put for e~ u 9 k is small near the surface of the hollow, and the values of 
m, z } £ are 

ot = a (1 + 2/c cos v) 

z = 2a& sin v 

1 — ■ 2ft cos i? 



> 



£ 



• (4), 



2ia J 



in which expression the squares and higher powers of k have been neglected. 

4. The motion of the liquid, being symmetrical about the axis of the ring, may be 
expressed in terms of Stokes' current function \ji. Now xjj consists of two terms. 
One is — £W, corresponding to a uniform motion of the liquid with velocity V. The 
other vanishes at an infinite distance from the ring and, therefore, can be expressed 
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in the form # (2 (C — c)}-*2A*,R» cos nv, where R ; , = S r~" and P„ is that toroidal 

function of order n, which is finite when u = 0. 
Thus, 

\b = — iVrar 2 + ---^===r 2A*R* cos m; (5). 

-y/2 (C — c) ■ v 

The first term under the sign S corresponds to a circulation about the critical circle 
k = 0. The succeeding terms correspond partly to the disturbance of this circulation 
by the free surface, and partly to the disturbance of the uniform flow xji = — ^Vot 3 by 
the same surface. Now since the annulus is nearly coincident with a flow surface of 
the circulation, and since V, as is easily seen from elementary considerations, is small, 
these terms are small. Their products by small quantities may therefore be neglected. 

Hence, expanding by (4), 

xfj -= — 1-Va 3 (1 + 4& cos v) + (1 + k cos v) k* { A R + A^ cos v + etc}. (6). 

Since k =r 6 is a flow surface, t// = const, when & = 6, or 

const. = A R' &* — |Va 2 + (AjR^* + A R' ^ — 2Va a 6) cos^ + A 2 R' 2 &* cos 2v + etc., 

where R', means the value of R,y when k is put equal to b. 
Hence, equating to zero the coefficients of cos v, cos 2v, etc., 

A 2 — i\ 3 — 0, A ] ~ 

A] sot 

where L = log 4//c, whence, substituting, 

A 1 = 4Va*6 2 + (L' - 2) JA 

Substituting the value of A l in (6), 

* = » ±Va* - A ^ + i ™ 2 - 2Va»* + A ^-? 6 2 - A ^41 cos v (7). 

The fluid circulation is the line integral of the velocity taken along any curve 

* W. M. Hicks, * Phil. Trans.,' 1884. 

f W, M. Hicks, ' Phil. Trans.,' 1884, p. 172. 
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enclosing the hollow. Taking the curve to be k = b, and putting for the velocity its 
value — "-, we have 



or #% 



circulation = /x = 



f 



2 - tf« | df_ 

f ST rf;M 



•2tt ^ Q 




* 2?r 7 —- cos ?; , 
cm; — -; b 

o S& 



A 



o 



2b 



TrA.nl a, 



- COS V . d-dr 

[ } __?... 

S& (///? 

4Vu 2 + A () (1/ — 2) 



A 



9 



l 



COS V 



leglecting quantities of the second order. 
Hence 



A 







flit I TT 



(8 j 



5, The motion of the liquid is now completely expressed in terms of jjl and V by 
(7) and (8). We proceed to find the energy of the fluid motion and, with the object 
of writing down the condition that is satisfied at the free surface, the pressure of the 
liquid at the surface. 

If i// is the current function that gives the motion of the liquid when the reversed 
velocity V is not impressed on the liquid, so that i// = -|V?*7 2 + \ft, the energy of the 
actual motion is 






2wib dm f/z 



- Trp 



ds 



f dty 

w dn 



( d ?'\* + 

\ dm j \ dz j 



di/r'Y 



I Cuts \ m aw 



\ 






1 d®ty' 



w 



dz 1 



by integration by parts, where, in the double integrals, w and % are to take all values 
corresponding to space occupied by the liquid, and in the single integral, ds is an 
element of length of the cross-section of the boundary, dn the element of normal to 
the boundary, taken as positive when drawn from the liquid, and the integral is 
taken round the cross-section of the boundary. The double integral in the latter 
expression vanishes by the equation satisfied by xff in an irrotational motion, and thus 



energy = Trp 



by (8). 



7 M dty f 

dS — 7 = 

or an 



Trp 



2lT dv ty' £ dyfr' 



1 2tt 2. 

Trp I dv b 





— 2b cos v f A 



2a 



a 



\ 



\ 



2Va s + A (L' — 2) 



I 



|pa/x 2 (1/ - 2) 



f 1/ — 2 1 

< — An '-- -TT— + 2Ya 2 b cos v I 



2 



? « 



■? * 



"2 / 



COS ^ 



e « 



(9). 
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If the pressure at any point of the liquid is II, and at infinity is ILo, 



n = n 



00 



w> 



where q is the resultant velocity. 

The components of the velocity perpendicular to the surfaces v = const, and 

u = const, are ~~ , — ---. respectively* But ~~r = on the flow surface k = b, 

m cm m civ l %l dv 

Hence 



8k cos v 



4.a 



4 



A, 



9 



2 



f fdyfr\* 



m 



3 \ clu 



a*S 3 \ elk 



1 



2Va»& 8 , . (V - 2) V , A L - ,2 



A 8 



2& 8 



2 



A 



2 



+ 2Va 2 I cos 7; 



2 



or, putting k = b. 



and thus 



q 



2 



_J±o__ Ji l7i / T ' - l 



^ 



167r 2 tt 3 /; 



1 — 46 ( 1/ 



4Va 8 \ 1 

A 



1 



1 



47rV&\ 

cos ?; 

M / 



IX lie© 



^ /? < 1 — • 46 ( L' — h — ' u ! cos i> ^ 



32tt% 3 5 3 [ 



/* 



* • 



(10). 



The pressure is zero at the free surface, so that 



fj?p 



) „07.) 



»>0 f > ''7 



n , 






or 



L/ 






47TT6 



2> 



log - f m 



and thus V diminishes with increase of a. 

6. To find the small oscillations we assume that the equation to the surface of the 
hollow when it vibrates is at time t 

k = b{l + /3e L ( w + ^ + P0} ) . (11), 



where t = v /(-~- 1) and m and n are positive integers, /3 being small. We then 
determine the corresponding disturbed motion of the liquid, and finally write down 
the condition that the pressure at the surface of the liquid is zero. If the resulting 
equation can be satisfied by any value of p, the assumption as to the form of the 
disturbed surface is justified, and 2-rr/p is the period of the oscillation. The displace- 
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ment of the surface, given by (11) is complex. Noting, however, that the signs of 
l and of to may be changed, other possible equations to the surface are seen to be 

h = b {1 + f}e l (- w+im0 -rt} 9 
k = 6{1 + p e <™-»«>+pt)) 9 
k = b {1 + ft e *(-™-*«>-pf)) 9 

in which equations jp has the same value as it has in (11), and is here supposed to be 
real. The displacements, being small, may be added and subtracted, so that 



k = b { 1 + /3 sin (nv + pt) sin mw} 9 
k = b { L + j8 sin (nv + p£) cos mw} 9 
k = b {1 + ft cos (nv + pt) sin ww}, 
A = 6 (1 4* )8 cos (nv + p£) cos mwj, 



■*\ 



^ (12> 



are possible equations for the surface of the hollow at time t. These equations no 
longer contain imaginaries, and thus they correspond to real oscillations. If m is zero, 
the disturbance of the surface is symmetrical about the axis of the vortex, and consists 
of trains of waves, the crests of which are circles parallel to the critical circle, pro- 
gressing round the hollow. These vibrations will be called the fluted vibrations of 
the vortex. If n is zero, the disturbance consists of alternate swellings and contrac- 
tions of the hollow disposed at equal intervals along its length. These vibrations 
will be called the beaded vibrations of the vortex. As given by (12) they are standing 
waves. On adding or subtracting the disturbances given by the first and last or the 
second and third of these equations, beaded vibrations are obtained which progress 
along the length of the hollow. If both m and n are zero, the disturbance consists of 
a uniform periodic enlargement of the vortex. This vibration will be called the 
pulsation of the vortex. If n is unity , the disturbance consists of a displacement of 
the axis of the hollow, without alteration of its cross section. These vibrations will 
be called the sinuous vibrations of the vortex. 

7. The motion of the liquid is that which subsists when there is no vibration, 
together with small terms introduced by the vibration. The former has already 
been expressed in terms of a stream function \fj given by (7). Let the corresponding 
velocity potential be <£ x . The terms due to the vibration must have an acyclic 
velocity potential. Let this potential be <£ 2 . Since <£ 2 vanishes at infinity it can 
be expressed in a series of the form* T)\/2(C — c) nl ~P n e ^ ttV + mw+ ^\ where J?„ 
is the associated toroidal function of order n and rank m 9 so that 

* W. M. Hicks, ' Phil. Trans,/ 1881. 
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m-*~ n 






cos m9 d0 



(C~-Scos0)^ + 1)/2 * 



« ( io ji 



We shall assume, our assumption to be justified by the result, that <£ 3 reduces to 

the single term D \/2 (C — c) m P n e^ nt) + mw+ ^\ Since D is small, we may neglect all 
but the lowest powers of k in this expression, and thus 






(14). 



The value of D must now be found from the condition that the velocity of the 
free surface normal to itself is equal to the velocity of the liquid normal to the 
surface. The velocity of the surface normal to itself is 



1 du 1 dk 
______ 

= 2pabifie t ( iw+mio +p0 . 

from (11). 

The components of the velocity due to \p are ; 



(15) 



perpendicular to u =■ const., 



xs dv 



= to our order ; 



perpendicular to v = const,, 



f d+ 



w 



du 



4Jc cos v j J A /A 



2a% 



2k~^\ 2 



A 










or at the surface given by (11), 



^ 



2Va 2 & 2> 



CGS^ 



}• 



>► (16). 



1 — 46 cos i> 



ZiCh 



A 










|a. £,.(*. + ««+,*) + /^o _ A() ( L _ 2 ) _ 4 y a s\ cog „ , 



/* 



Airah 



1 — 



£L> I («» + WW + p^) 



4—l(/ ( J-J "" Q 



4ttV&\ 
j cos v 



> j 



perpendicular to w = const. 







The velocities here, as elsewhere, are considered to be positive if measured in the 
direction of increase of k, v 9 iv. 

The components of velocity given by <j> 2 are ; 
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perpendicular to u = const,, 



du 



. [ TO ", \ y,t («t> + *»w + jo/) 

2a db \ ^/b / 



perpendicular to v = const., 



flty 2 _ tnD m P/ 



e 



t («# + ww H- jo/) . 



perpendicular to w = const., 



1 $<£ 2 
m dw 



(/7/lXJ m \ « 



a ^/5 



/> t (m» + mw -hpt) 



"^ 



. » 



(17), 



The direction cosines of the normal to the surface are 



I , — unfa 1 (** + ww + ^), — 2 im/?e l ("* + mw + ^) 



sea 



(18). 



Hence the velocity of the liquid normal to the surface is, from (16), (17), (18), 

Jt6 D d / P ' \ 

4*rrdb ^ l 2a db \ ^/b J 

neglecting terms small compared with those retained. 

This is equal to the velocity of the surface normal to itself, so that from (15), 



a D d '' P \ 

inBe l ("° + mw+ rt 4- — — ( -^tt ) e^ nb ' + mv + ^ = 2pabiBe^ m+mv+ ^\ 

2a do \ sjo j L 



<iirab 



which gives 



fin 



D = 2 *P + 2pa% 2 ) , d ( „,1Y 



\ 

) 



ft/3 



(19). 



Substituting from this result and (16) and (17), the components of the velocity of 
the liquid at the surface of the hollow become ; 



perpendicular to u = const., 



1 / iin 

ab \47t 



+ 2pa% iZ ) L fie l ( m + mw+ ^ ; 



perpendicular to v = const., 



M 



47TCfc& 



1 — ^(nv + mto+pO _ 26 (L' 



Q 



4.7rVa\ 

cos ^ 

M / 



1 ?i\ //m 

j 6$ \4z7T 



+ 2pa 2 & 3 ) /3e l ( uv + ww + ^) ; 
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perpendicular to w = const. , 

mX / fin 



+ 2pa?W ) f$ ; 



a \47T 

where 



X ~ J, A ("P»\ ......... (20). 

db\y/b) 
The equation giving the pressure is 

d 

n = n. - ±pf — Pat ^ + ^ 

Since fa is independent of t, on substituting from (14) and (19), and equating the 
pressure to zero, 

o-n = n.- s S_{ 1 -«(L'- i -M?) 

- 2 (l + n s X + ^^M\ /3e l & + »»+rt\ + p\pl^ + 4pa s 6 s ) j3e'(«° + »»+rt (21). 

In this equation the terms not involving the exponential cancel by the equations 
defining the steady motion. The equation can therefore be satisfied by some value of 
p, which fact justifies the original assumption as to the nature of the disturbance of 
the surface. On dividing by /} e *(*» +»»+**) we find as equation for p, 

or 

^ + 2 ^8^ + (^ + t)(^=° W 

8. It now remains to find the value of X, defined by (20). 
Now 

cos mO d0 



1 ~Jo(C- 



P 

»«-L« , n Q /l\(2n+l)/2 



S COS 0) 

or, expressing in terms of & and remembering that A is small, 

p / _ / 9 L\(2« + l)/2 f" cos mg dd 

m n K ] J {1 - cos + ft 8 (1 + cos 0)}<*"+W 



where e is small absolutely, but yet large compared with k If n is not zero, the 

MDCCCXCV. — A. 4 K 
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latter integral can be neglected in comparison with the former, and the limits of the 
former can be taken to be and co , so that 



Now 



p = ukY* n+i y* 



A 00 



cie 



o (0 2 + a ) (2 " +1,/2 



co 



cie 



o (0 3 + 4>) (2m+i>/2 ' 



rl \ n ~ 1 

(- 1 )-(-sr^ -- 



d9 



3. 5 

2 . 2 . . . 



2-tt, — 1 J (0 3 + a) % 






^1 

I 9 



a \/0 2 + 



a 



00 







1 



cc 



a 



n 



Hence, in the case where n is not zero, ni P n varies as A~( 3 »' -1 ) /3 when /r is small, 
so that 

If n is zero, from (23) 



P 



= (4*)* 



dO 



o 



-\/ £/2 J- t!^J{> 



% + ^ 



,,r cos mO d9 
sin (0/2) 



6 

1 



4 



= (4&) 2i log — + 2 A* log — —A 



a f7T 1 — COS m# 

sin (0/2) 



d0. 



Calling the last integral y m we have 



y»+i ~" 7 



m 



2 



^ 2-77? 4- 1 

rfc/ sm — - — 

^ 



Also y = 0, therefore 



7 



^ 



4 |J_1J_1_L. J- 



2m + 1 



2m — 1 



♦ • • 



and 



JP = 2$ log 



& 



7 1 



giving 



X 



\-^ qYm) 



«•*«•• 



(25) 



(26). 



9. In the preceding paragraph, cos m0 was put equal to unity in the integrals 
taken from to e. If m is so large that me is finite, this step is no longer valid. In 
this case, however, the second integral of (23) vanishes in comparison with the first, 
and the upper limit of the first may be taken to be infinity, so that 
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P 

m 1 - n 



{4k) 



GO 



(2« + l)/2 



cos nO clQ 



2 



(^+4& 8 ) <2n+1)/2 



7,(2?&-J)/2 



cos 2m% ^ 



a 



nd 






,GO 



a f cos 2m% <% 

fJo(T+^p^ 1)725 



a Bessel/s function of the second kind of order n with imaginary argument. 
Denoting this function by the symbol K. m 



V 

7* 



ex K n (2 mk) ; 



K n (2ml)) 
2mVK n * (2mi) 



(27). 



10. Substituting in (22) the value of X given by (24), (26), (27), we have as 
equations for p, 
if m is finite and n not zero, 



p z + 2pn 



/* 



8?r<x 3 5 2 



+ n(n — 1) 



/* 



SiraW, 



\j » « » 



. (28); 



if m is finite and % zero, 



P 



% 



/ju 



\* 



1/ - i7» V 8ira 3 6» 



• * 



. (29); 



if m is great, whatever w may be, 



p l + 2pn 



P 



87m 3 £ 3 






s , 2mbKn (2mb) 



n l + 



K« (2m&) 



A* 



2 



STra 3 ^ 3 , 







. (30). 



The first of these equations agrees, in the case of m = 0, i.e., in the case of fluted 
vibrations, with that obtained by Mr. Basset, # and the second, in the case of m = 0, 
i.e n in the case of pulsations, with that obtained by Mr. HiCKS.t The first of these 
equations evidently gives in all cases real values of p. The second also does so, for 
1/ is large and y m finite. The third also gives real values of p, for, by a property of 
the function 'K m easily proved from its definition as a definite integral, K n is positive 
and its differential coefficient negative for real positive values of its argument. 
Hence all the values of p are real One, however, given by the first of these 
equations when n = 1, is zero. This shows that the corresponding value of p is not, 
as are the other values of p, of the second order of large quantities, but of some lower 
order. These equations, then, show that the hollow vortex is stable for all displace- 
ments of its surface, with the possible exception of such as involve sinuous vibrations of 
the slow type. These latter vibrations have been investigated by Professor Thomso^J 

# A. B. Basset, ' Hydrodynamics, ' vol. 2, p. 92, 

f W. M. Hicks, ' Phil. Trans./ 1884 

t J. J. Thomson, « Phil. Trans./ 1882, and " Motion of Vortex Kings," Part I. 
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who proves that the vortex is stable for sinuous displacements, and finds the periods 
of the sinuous vibrations. 

11. The electrified vortex. If the vortex carries a charge of electricity on its 
surface, the surface condition is altered. The effect of the electricity is to cause a 
tension to act on the surface which at any point is F s /8tt per unit area, where F is the 
electric force. This tension must be balanced by the pressure of the liquid. Hence 
the surface condition is 

XI = F 2 /8tt ............ (31). 

The electric state of the system is defined by the electric potential <j>. Since <f> 
vanishes at infinity, and is an even function of v, its expansion in a series of toroidal 
harmonics must be # 

<f> = \ZY(G~~~c) %B u F n cos nv (32). 

The first term in the series is the potential, due to a uniform line distribution on 
the critical circle h=0. If there were exact coincidence between the surface of the 
hollow and some equipotential of this distribution, the terms after the first would 
vanish. As an approximate coincidence subsists, these terms will be small, and their 
products by small quantities may be neglected. 

Expanding (32), 

<j> = B Poife-* + {B 1 k~*L\ - Bo#P ) cos v + B a P s *T* cos 2v + &c. . (33). 
Putting k = b, <f> is equal to the constant potential <£ of the vortex, 



<£ = BoP '&-* + (B^P/ - B &*P ') cos v + B*P S &-* cos 2v + &c. 



so that 



<£ = B P 7>-*, B 1 = B ^ 



Pi 



f~jf> — — JDo — — ... — — \J , 



'2 — "^3 



Also,t as 



to our order, we have 



P = 2L#, P L = 2*"* 

B o = tv ' Bl = I ^ 



Substituting these values in (33), 



<£ = <£o Y! + ^(>7 ~" vj cos v - 

* W. M. Hicks, < Phil. Trans.,' 1881, p. 618. 
f W. M. Hicks, 'Phil. Trans.,' 1884, p. 171. 
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The force normal to u = const, is thus 



d<j) 1 — 2/5; cos 



® dk~ 



2ak 



* 



o 



2akV 






# "" 1/ + L' 



COS V 



1 + h ( — 1/ + Tj — 3 ) cos v 



As the force normal to v = const, vanishes on the equipotential k = b, the resultant 
force F is the value when h = b of the above, 



F = 25l^ 1 + 6 ( 2L '- 3 ) COS ^ • • • 



» t 



(34). 



The charge on the vortex is 



E 



2 * dv n F 

o £ 4tt 



^=7 <j> a (1 + 4/c cos v) {1 + 6 (21/ — 3) cos v} 9 



dv 



77~ ? 



or, 



* 







L' 



7T<% 



E, 



so that, substituting in (34), 



F = 



E 



2va i b 



{1 + 6(21/ — 3) cos t>] 



(35). 



The electric energy is 



V 



i <£o E = ZZZ E2 



27ra 



(36). 



12. We are now in a position to write down the equation giving the steady motion 
of an electrified vortex. Equating the value of II, given by (10), to that of F 3 /87r, 
given by (35), we have 



E 



32ttW& 2 



{1 + 2&(2L' — 3)cosi?} = ILo 



V?p 



32ttW 



1 -4&(L' -i 



4xrYa\ 
1 cos v 



P 



which gives, on equating separately the terms involving v and those independent of v, 

E 2 + irpay* = 327r 3 a 4 6 s noo ........ (37), 



V = 



47ra ] 2 



E 2 



ipcfifj?' 



(L' - I) 



(38). 
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The energy of the vortex is the sum of three terms. The first is the energy of the 
electricity, found in (36). The second is the kinetic energy of the liquid, found in (9). 
The third is the potential energy due to the presence of the hollow. Since the 
hollow could, if the liquid were brought to rest and the electricity removed, be filled 
by liquid flowing into it at pressure Hoo, the last term is the product of IU and 
the volume of the hollow. Now, from (4), if h is small we have 

(re- — of + $ = 4a 2 P, 

so that the radius of the cross-section of the ring is 2ab, and the distance of the 
centre of the cross-section from the centre of the ring is a. Thus the volume of 
the hollow is 877% 8 6 2 , and the total energy on substituting for IIoo from (37) is 

u= i„v(L' - 2) + y-p + rtv^ 



— (L + 2/ + q (^ ■""" 2/* • • • - - • • • • (39). 

Equations (37), (38), (39) give all desired information about the steady motion of 
an electrified vortex. The first effect of electrification is to diminish the velocity 
of the vortex. If E 2 /?r/)a 2 /x 2 = (1/ — ■ i)/(L' — ■§), V vanishes, while for values of E 
greater than that given by this equation, V is negative and the vortex moves back- 
wards. This state of rest of the vortex may evidently be obtained as well by 
decreasing a as by increasing E. Hence an electrified vortex ring, however small 
the charge may be, will be reduced to rest if its radius is reduced sufficiently, and if 
its radius is further reduced, will move backwards, i.e., in a direction opposed to that 
of the motion of the fluid at the centre of the ring. 

Since 

f = f( L '-»-2-S< L '-« = ^V, 

the energy of the vortex is least when its radius is such that it is stationary. If a 
is nearly equal to this value the difference between a constant and the energy of the 
vortex varies as the square of the velocity. This relation is only approximate and 
does not hold if a differs much from the value that makes V = 0. If a is so large 
that E 2 can be neglected in comparison with 7rpa 2 /x 2 , 

U = ipa/*» (1/ - |), V = /* (1/ - i)/4*a, 

and as 1/ may, if b is very small, be considered a large constant, Uoc 1/V in this case. 
If, however, a is so small that 7rpa 2 /^ 2 can be neglected in comparison with E 2 , 
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U = W (1/ + -l)/27ra, V = W (1/ - f)/47rVV 

numerically, and hence Uoc ,*/ V. It seems, therefore, that the vortex theory of matter 
is not much improved in respect of the relations between the velocity and the energy 
by taking account of the atomic charge, unless the atom is supposed always to have 
nearly the radius corresponding to minimum energy. 

[An electric charge can, of course, have no direct action on the velocity of the 
vortex. The manner of its action may be illustrated by considering what happens 
when a vortex ring is suddenly charged. The charge will produce two distinct 
effects. It will increase the cross-section of the hollow, and also its aperture. The 
former effect has no further consequences, but the motion of the fluid involved in the 
latter effect causes the velocity of the fluid at the front of the hollow to decrease, and 
that at the rear to increase. This causes an increase of pressure in front and a 
decrease behind, and so causes the ring to go more slowly. — 15th August, 1895.] 

[It may be desirable to point out that the alteration in the relation between the 
energy and the aperture of the ring, which is caused by an electric charge, takes 
place only in the potential part of that energy. The kinetic energy of the fluid is 
unaltered (to our order of approximation) by the electric charge.-— August 29, 1895.] 

13. In order to discuss the stability of an electrified vortex, the periods of the small 
oscillations must be found. For this purpose we must find the surface value of the 
electric force when the surface of the vortex is given by (11). The electric potential <j> 
is now the sum of two terms. The first is the value that it has in the steady motion. 
The second we shall assume to be of the form 

p, 

so that 

^ = *, ^- + * (| -■■;,-) ^b cos « + Q ^ ^"^'O . . . (40). 

When 

h= b {1 + £gi(»»+*«>+*'0} 

this is to be constant. Hence 



giving 



const. = <£ — &}- pe^+M+M + G ^- e t (« ,+ « w+ ^ 

~~ 1/ ^b P ' 



Equation (40) now gives 



^ir > \h +*>(»- ±) «- * - % **"* 



(1 _ (V!^JL\ p t(nv+mw+j>f) 



>, 
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The total electric charge is the surface integral of F/47T. 

The terms involving the exponential will evidently vanish on integration, except in 
the case when m and n are both zero, i.e., except in the case of pulsations. 
Hence, excluding pulsations, E has the same value as before, and 



F 



E 



2<ira?b 



jl + 6(21/ — 3)cost> 



\ J^ -^-\ Qgtyv+mw+pf) I 



The surface condition- given by (31) and (21), is 



11 oo - — , 



E 3 



mir'WV 



1 + 26 (21/ — 3) cos v 



2 ( 1 -f- — ) fitfinv+mw+pf) 



+ : 



fi*p 



Z2Tr*aW 



i -mu - 1 



J COS V — 2(1 + n 2 X + — L\p e L{nv + mw+pt) 



fin 



pXp \2ir + 4 P a *&)P el 



(nv+mw+pt) 



• • 



O ft « 



• •10 



(41). 



In this equation the terms not involving the exponential cancel by (37) and (38). 
The equation therefore can be satisfied by some value of p, which fact verifies our 
assumption as to the nature of the disturbance in this case. On simplification, the 
equation becomes 



p l + 2pn 



V> 



8ira*b* 



+ 






n * + "T" + ( ^ + 



E s 



\ "*" \JirpaY\ \8tt^W 



I ^J^ \ _ 



• • 



(42). 



If m = a, = 0, this equation does not hold. In this case the equation to the 

surface is k= 6(1 + fie 1 ^). Now, from (35) the force on the surface of the tore 

h = 6 is 

E 2 E 3 

8^ = 3W^ {1 + 26(2L'-8)cobi;}. 

Putting therefore 6 + h/Se 1 ^ in place of 6, the force becomes 



W 



327rVZ> 3 



{1+26 (21/ — 3) cos v - 2/3e^j. 



Equating this to the pressure, we obtain 



P 3 + (— + 



E 3 



/* 



2 



X irpa^p?] \%ira?W t 



= (43). 



14. Substituting in (42) and (43) the values found in (24), (26), (27) for X, we 
have' as equations for p ; 
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if m is finite and n not zero. 



/* 



p* + 2pn-£^ + n(n-l)'- 



1 + 



E 3 



TTptftfJ? 



if m is finite and n zero, 



V* 



2 



8wa 8 &» 



V/ e © » I ^t ^X f a 



P 



2 



J 



1 



[1/ - %y m 



+ 



(1/ - |7m) 2 + 1 E» 



L' - |y 



w irpa?^j? 



fi 



2 



07 



Sira^b 



sec 



• ( 4 5); 



if m and w are both zero, 



P 



2 



L' — iy M 



1 + 



E* 



irpaP/j? \) 



8ira%*J 



■ (46); 



if -m is large, whatever n may be, 



/* 



^+^8^ + 



n 2 + 



2m6K/ (2mft) 



+ 



K n (2mb) 
{2mlK n f (2mb)Y + {K u (2m&)} 3 E 3 



2m6K„ / (2m6) K n (2mb) 



TTpcfifJ? 



(_!L. 



2 



. . (47). 



The values of p given by (45) and (46) are always real, but those given by (44) and 
(47) are imaginary for sufficiently large values of n. Taking (44), if p is to be real, 



E 3 
we must have n — (n* — n) ~ — — positive. If W j Trpc^^ == (1/ — |-)/(L' — f), the 

condition that V = 0, n must therefore not be greater than 1 for stability, so that all 
the fluted vibrations of the stationary vortex are unstable. 

Thus the presence of an electric charge on the vortex makes it unstable, however 
small the charge may be. The modification of the vortex-atom theory of matter 
here considered is therefore not admissible unless some alteration in the hypothesis 
be made which will convert the instability of the vortex into stability. 
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